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Nonstandard g-deformed algebras t/q(so„), proposed a decade ago 
for the needs of representation theory, essentially differ from the 
standard Drinfeld — Jimbo quantum deformation of the algebras 
U{son) and possess with regard to the latter a number of impor- 
tant advantages. We discuss possible application of the g-algebras 
Uq{sOn), within two different contexts of quantum/g-deformed 
gravity: one concerns g-deforming of D-dimensional {D > 3) eu- 
clidean gravity, the other applies to 2+1 anti-de Sitter quantum 
gravity (with space surface of genus g) in the approach of Nelson 
and Regge. 



2. Simple G — SO(n) Spin Networks 

Let us first briefly dwell upon necessary setup concerning 
G = SO(n) spin networks. 

A generalized spin network associated with a Lie 
group G, according e.g. to [7], is defined as a triple 
(r, p, I) where 

r is an oriented graph, formed by directed edges and 
vertices; 

p is a labeling of each edge e by an irreducible rep- 
resentation (irrep) pe of G; 

/ is a labeHng of each vertex z; of F by an intertwin- 
ner I-u mapping tensor product of irreps incoming at v 
to the product of irreps outgoing from v. 

Below, we are interested in the spin networks for the 
particular Lie group G = SO(n). Moreover, like in [7], we 
consider restricted case of G = SO(n) simple spin net- 
works. Simple spin networks associated with G = SO(n) 
are evaluated as Feynman integrals over the coset space 
S0(r7,)/S0(n — 1), i.e. over the sphere S"~^. Simplici- 
ty means that only the SO(n) representations of class 1 
(with respect to SO(rt — 1)) labeled by single nonnegative 
integer I, are employed. 

Basic ingredient is the 'propagator' expressed in 
terms of zonal spherical functions too(y), y = cos9, or, 
in view of the equality [8] 



1. Introduction 

Construction of quantum gravity belongs to most fun- 
damental problems of modern quantum theory. During 
last decade and a half, new perspective tools for attack- 
ing and solving this problem have appeared among which 
we mention, first, the notion of spin networks (see e.g., 
[1]) closely connected with loop quantum gravity as well 
as with the so-called BF-type topological theories, and, 
second, the powerful methods of quantum groups and 
quantum algebras [2 — 5]. Our goal in this contribution 
is to consider potential appHcability of the so-called non- 
standard g-deformed algebras C/g(so„) introduced in [6] 
which are different from the standard (Drinfeld— Jimbo) 
quantum deformation [2, 3] of the Lie algebras of or- 
thogonal groups, while possess a number of rather im- 
portant advantages. Here we intend to make a prelimi- 
nary steps towards extending the D-dimensional version 
of spin networks (more concretely, S0(£') simple spin 
networks) to the case of J7g(so„) related formulation. In 
the second part of our contribution, we briefly discuss 
the appearance of the C/q(so„) algebras in the context 
of anti-de Sitter 2+1 quantum gravity formulated with 
space-part being fixed as genus g Riemann surface so 
that n = 2g + 2. 

^Presented at the Xlllth International Hutsulian Workshop "Methods of Theoretical and Mathematical Physics" (September 11 — 
24 2000, Uzhgorod — Kyiv — Ivano-Frankivsk — Rakhiv, Ukraine) and dedicated to Prof. Dr. W. Kummer on the occasion of his 65th 
birthday. 



C(cos0)- 



r(2p)/! 



Gf (cos 0), p = (TV - 2)/2 , (1) 



r{2p + 1) 

directly through the Gegenbauer polynomials 

-I- 2m - 2 



N ~2 



Here the Gegenbauer polynomials (x) 
the defining recursion relation 

2{p + l)xCf{x) -{2p + l- l)Gf_i(x) 



(2) 

^ > 0, satisfy 
(3) 
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augmented with the initial value Cq{x) = 1, and obey 
the orthogonality relation 

Ijl + l)Cf{x)C^^{x){l - x'^r-idx = 



7rr(2p + 



22f-iz!(/ + p)r2(p) ■ 



(4) 



Another important property is given by the Hnearization 
formula for the product of two Gegenbauer polynomials, 
namely 



Cf{xmx)= J2 



n=\l—m\ 

T{g-l+p)T{g-m+p)T{g-n + p) 



(n+p)r(n+ l)r(ff + 2p) 
[T{p)]^g+p)\T{n + 2p) 

Cl{x) (5) 



T{g-l + l)T{g - m + l)T{g - n + 1) 

where g = \{l + rn + n) and the sum ranges over those 
values of n which are of the same evenness as / + m + n. 

One of basic constructs in spin networks is the so- 
called 0-graph whose evaluation is given by the expres- 
sion 

D{l,m,n;p) := j'cf{x)CP,{x)CP{x){l-xy-idx. (6) 

The result of evaluation is 

, 2i-2f7r T(g + 2p) 
Dil,n.,n;p) = ^^^^^^^>< 

T{g-m+p)T{g-n+p) 
T{g-l + l)T{g-m + l)T{g-n+l) " 



(7) 



Using (6) one easily deduces the recurrence relation for 
the D{l,m,n;p) in the form 

^-^DQ + l,m,s;p)+ ^ - 1, m, s; p) = 

p + I p + I 

s + 1 2v + s — 1 

= ^D{l,m,s+l;p) + ^-— D{l,m,s-l;p) (8) 

p+s p+s 

(remark that in 4 dimensions all the multipliers become 
equal to 1). 

Thus, G-graph 9^^\mi,m2,m3) is nothing but in- 
tegral of the product of three normalized propagators 
defined in (2): 



r(g + 2p)T{p + 1) -rj + p)r(g -m,+p) 
T{g+p+ l)V{2p) 11 T{p + l)V{g -rrn + iy 



(9) 



where g = (mi -I- m2 -I- ?7i3)/2 is an integer, g — rui > 0, 
i= 1,2,3, andp= {N -2)/2. 
For N = A, 



6''^\mi,m2,m3) = {mi + l)(m2 -I- l)(m3 -I- 1). 



(10) 



There exist a number of other results concerning (sim- 
ple) SO(n) spin networks, for generic situation as well 
as for the particular cases of n = 3, 4, which we however 
shall not discuss here further. 

3. q-Deformed Analog of Spin Networks from 
q-ultraspherical Polynomials 

To deal with g-deformed case we need some facts con- 
cerning g-ultraspherical polynomials. These are defined 
through the following recursion relations: 

(1 - r?")C„(x;/3|g) = 2x(l - /3g"-i)C„-i(x; /3|g) 
-(l-/?2g"-2)C„_2(x;/3|(7), (n>2), (11) 
along with special values 

Co{x;l3\q) = l, Ci{x; l3\q) = 2{1 - p)x/il - q). (12) 
With (3 = q^, the "classical "limit g — >■ 1 yields 



9-1 



Cnix;/3\q) ^C^lix). 



(13) 



The explicit expression for the gr-ultraspherical polyno- 
mials is [9] as follows: 

Cn{x;l3\q) = y i^lMMll^e'(n-2k)e 
^ [q;q)k{q;q)n-k 

= f^e™^2$i(g-",/3;/3-^9^-";<Z,9/3-'e-2'^). (14) 
[q, q)n 

In this formula, the notation (a; q)n means: 
. . _/ 1, n = 

[a; q)n " | (i - «)(! - qa)...{l - q"-^a), n > 1. ^^^^ 

It should be noted that it is also possible to present 
Cn{x;f3\q) in the form which employs basic hypergeo- 
metric function or 3^2, see [9, 10]. 

Orthogonality relations for the g-ultraspherical poly- 
nomials are of principal importance. They are given by 
the relation 



TT 

/ 



Cm{cose;l3\q)C„{cose;p\q)Wf3{cose\q)de = 
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Kim' 



(16) 



where the weight function and the normaUzation factor 
are as follows: 



Wf3{cose\q) 

hnim 



(^e2^^/3e-2^^;5)oo' 
(9,/3';9)oo(9;g)n(i-/?g") 



(17) 
(18) 



27r{l3,f3q;q)^{P^;qUl-p)' 
with 

(ai,a2;g)oo := (ai; 9)00(012; g)oo , 

00 

(a; 9)00 := Y[{l-aq''). 

fc=0 

Linearization formula is another important fact about 
g-ultraspherical polynomials. It is given by the following 
Rogers' formula [9]: 

Cm{x; P\q)Cn{x; p\q) = 

min(m,n) 

= X! ^m,n,k{l3\l)C^m+n-2k{x; P\q) (19) 

fe=0 

with the notation 

Am,n,k{PW = 7 ^ 7 ^ 7 

{q;q)m-k {q\q)n-k {q\q)k 

{q-,qU+n-2k {(3';q)m+n-k 1 - ^^^^ 



(/32;g) 



m+n— 2fc {(3q;q)m+n-k 



1-/3 



Now it is not hard to obtain the result for the g-deformed 
analog of 0-graph (9) , namely 

Dq{m,n,s,X) = 

IT 

= J Cm{x;l3\q)Cn{x;l3\q)Cs{x;P\q)Wp{cos0\q)de = 



27r {P, I3q; g)cx>(/3^; q)g{P; q)g-nW; q)g-m{P; q)g 

[q, /?^; q)oc{Pq; q)g{q; q)g-n{q; q)g-m{q; q) 



,(21) 



where m + n + s = 2g, g > m, g > n, g > s. Notice the 
obvious symmetry under exchanges: m ^ n ^ s ^ m. 
Recursion relation for Dg is obtained in the form 



m+l 



1- I3q^' 



-Dg{m + l,n,s,X)+ 



1 - /32g'^ 

J^n 

1 - I3q^ ' 
1 - q'+^ 



Dg{m — l,n, s, A) 



+ 



1-pq' ' 
1 - /32g«-l 



Dq{m,n,s + 1,A)+ 



l-(3q- 



Dq{m, n, s — 1, A). 



(22) 



Likewise, one can get evaluation for other particular {q- 
deformed analogs of) spin networks. 

4. Covariance with Respect to q-algebras 

Our main concern here is a possible relation of this stuff 
to quantum groups and/or g-algebras which correspond 
to the orthogonal Lie groups SO(n) and their corre- 
sponding Lie algebras. As it was shown by Sugitani in 
[11], zonal spherical functions associated with a particu- 
lar realization Sg of quantum spheres are proportional 
to the g-ultrapsherical polynomials, that is 

(g-)zonal spher. func. <-»■ C'^~'^^^'^{Y;q^) . 

To this end, one starts with standard [/q(so„) and con- 
structs a (/-analog of the coset SO(n)/SO(n— 1) by means 
of Uq{sOn) (corresponding to SO(n)) and a coideal (cor- 
responding to SO(n — 1)): 



Jq ■■= < 



62, /2, •■•,/«, ^1,^2, ^^rr", ) ' 

for Bn{n> 1) and Dn{n > 2) series, 



(23) 



(6li) for = 3 
1(^1,^2,^) for iV = 4. 



Here 



01 := <^ 



f s • ei + i-ir-H ■ q^'\'^h ■ --fufn ■ • •/2/1 
for Bn (n > 1) series, 

S • ei + i-ir-H ■ q'-h ■ ■ ■ fn-lfnfn-2 ■ ■ ■ /2/1 

for Dn {n > 2) series, 
s-ei+t-q^l^q'^h (A^ = 3), 
ks-ei+t- 5^1/2 (iV = 4); 

(24) 
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' t ■ q^'^q'^h + • 62 • • • e„e„ • • • 6261 

for Bn {n > 1) series, 

t ■ q^^fl + (-1)"~^S • 62 ■ • • 6„_i6„6„_2 • • • 6261 

for Dn {n > 2) series, 
t-q'-f, + s- 62 {N = 4), 

(25) 

As follows from the results of [11], this left coideal sub- 
algebra coincides with the nonstandard g-deformed alge- 
bra U^{sOn) from [6]. Note also that this same nonstan- 
dard (or twisted) g-deformed coideal subalgebra arises 
[12, 13] when one constructs a quantum analogue of the 
symmetric coset space SU(n)/SO(n). 

5. The q-algebra U^{sOn) (Bilinear 
Formulation) 

Along with the definition in terms of trilinear relations 
originally given in [6], the g-algebra [/q(so„) may be 
equivalently defined in terms of 'bilinear' formulation. 
To this end, the generators (set fc > ^ + 1, 1 < k,l < n) 

are introduced together with Ik+i,k = Ik+i,k = -^fc+i.fe- 
Then, the bilinear formulation of the g-algebra C/g(so„) 
reads: 

[-^/m' ^kl\Q — ^km' i^kl'^knilQ — ^hn^ 

[lL^lL]i=Iu ifk>l>m, 

[JjJ,J+p]=0 ifk>l>m>p or k>m>p>l; (26) 

= {<l-(l~'){Ipkm-IkAi) if k>m>l>p. 

Analogous set of relations exists which involves I^^ along 
with q — > q~^ (denote this "dual" set by (26')). In the 
'classical' limit g — > 1 , both (26) and (26') reduce to 
those of so„. 

For instance, at n = 3, the g-algebra [/^(soa) is iso- 
morphic [14] to the Fairlie - Odesskii algebra [15, 16] 
(recall that the g-commutator is defined as [X, FJ^ = 
q^^XY -q-y^YX): 



at n = 4 the g-algebra 1/^(304) in addition involves: 

[/43, /42]q = /32, [^43, -^4l]g = -^31' 
[-^42' ^32]g = ^43, [^41 ' -^31 ] 9 = -^43 , 



[-^42! -^4l]<? - -^21, 
[^4H^2l]</ = -^42) 



[/43,/2l]=0, [/32,/+]=0, 

[^4+2, Itl\ = {Q- 9-^)^21/43 - /32/4+i). 

The first relation in (27) is viewed as definition for third 
generator I^-^^; with this, the algebra is given in terms of 
g-commutators. Dual copy of [/^(soa) involves the gen- 
erator I^i = [/21, /32]q-i which enters the relations same 
as (27), but with q ^ q^^. Similar remarks apply to the 
generators I^^, as well as (dual copy of) the whole 
algebra ?7^(so4). 

6. Deformed Algebras A{n) of Nelson and 
Regge 

For (2 -|- l)-dimensional gravity with cosmological con- 
stant A < 0, the Lagrangian density involves spin con- 
nection LUab and dreibein e°, a,b = 0, 1, 2, combined in 
the S0(2, 2)-valued (anti-de Sitter) spin connection ujab 
of the form 



<^ab -I 

-^e" 



and is given in the Chern— Simons (CS) form [17, 18] 

Here A, B = 0,1,2,3 , the metric is tiab = (—1, 1, 1, — 1), 
and the CS coupHng constant is connected with A, so 
that A = —3^. The action is invariant under SO(2,2), 
leads to Poisson brackets and field equations. Their solu- 
tions, i.e. infinitesimal connections, describe space-time 
which is locally anti-de Sitter. 

To describe global features of space-time, within 
fixed-time formulation, of principal importance are the 
integrated connections which provide a mapping S : 
TTi (S) ^ G of the homotopy group for a space surface 
S into the group G = SL+{2, R) O SL_{2, R) (spinorial 
covering of S0(2, 2)) and thoroughly studied in [19]. To 
generate the algebra of observables, one takes the traces 

c±(a)=c±(a-i) = itr[5±(a)] 

where 



[/21, /32]<, = /3+1, [/32, Itil = hu [iti.hAq = I32; (27) a G tti, 5± e SL±{2, R). 
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For .9=1 (torus) surface S, the algebra of (indepen- 
dent) quantum observables has been derived [19], which 
turned out to be isomorphic to the cycUcally symmet- 
ric FairUe - Odesskii algebra [15, 16]. This latter alge- 
bra, however, is known to coincide [14] with the spe- 
cial n = 3 case of {7g(so„). So, natural question arises 
whether for surfaces of higher genera g > 2, the non- 
standard gr-algebras Ug{sOn) also play a role. 

Below, the positive answer to this question is given. 

For the topology of spacetime S x R (S being genus- 
g surface), the homotopy group 7ri(E) is most effi- 
ciently described in terms of 2^ + 2 = n generators 
ti,t2, ■ ■ ■ ,t2g+2 introduced in [20] and such that 



tltz ■ ■ ■ t2g+l — 1, t2t4, t2g+2 — 1, 



23+2 



1. 



i=l 



Classical gauge invariant trace elements (n(n — l)/2 in 
total) defined as 



% = ^Tr(5(iiti+i •••*,•_!)), 



S G SL{2,R), 



(28) 



generate concrete algebra with Poisson brackets, explic- 
itly found in [20]. At the quantum level, to the alge- 
bra with generators (28) there corresponds quantum 
commutator algebra A(n) specific for 2 -|- 1 quantum 
gravity with negative A. For each quadruple of indices 
{j, I, k, m}, j,l,k,m= 1, . . . , n, such that 

i<j<m<k<i, (29) 

the algebra A{n) of quantum observables reads [20]: 

[amk,aji] = [amj,aki] = 0, 
[ajk,aki] = (1 - ^){aji - akiajk), 

[cijk^ ^kml ~ (^ ^jk^k'm)i 
[a-jk^aim] = [K - ^){ajiakrn - O-klO-jm)- 



(30) 



Here the parameter K of deformation involves both a 
and Planck's constant, namely 



K 



4a — ih 



a 



3A 



, A<0. 



(31) 



Note that in (28) only one copy of the two SL±{2,R) is 
indicated. In conjunction with this, besides the deformed 
algebra A{n) derived with, say, SL^{2, R) taken in (28) 
and given by (30), another identical copy of A{n) (with 
the only replacement K —y K~^) can also be obtained 
starting from SL-{2,R) taken in place of SL{2,R) in 
(28). This another copy is independent from the original 
one: their generators mutually commute. 



7. Isomorphism of the Algebras A{n) and 

To estabHsh isomorphism [21] between the algebra A{n) 
from (30) and the nonstandard g-deformed algebra 
U'g{sOn) one has to make the following two steps. 

{Ky^{K-l)-^}aik^Aik, 



Redefine: 



— Identify; 



A 



ik 



ik 1 



K 



Then, the Nelson— Regge algebra A{n) is seen to trans- 
late exactly into the nonstandard g-deformed algebra 
Ug{sOn) described above, see (26). We conclude that 
these two deformed algebras are isomorphic to each oth- 
er (of course, for K ^ 1). Recall that n is linked to the 
genus .g as n = 2g + 2, while K = (4a — ih)/{Aa + ih) 
with a^ = —\. 

Let us remark that it is the bilinear presentation (2) 
of the g-algcbra [/,'(so„) which makes possible establish- 
ing of this isomorphism. It should be stressed also that 
the algebra A{n) plays the role of "intermediate" one: 
starting with it and reducing it appropriately, the al- 
gebra of quantum observables (gauge invariant global 
characteristics) is to be finally constructed. The role of 
Casimir operators in this process, as seen in [20], is of 
great importance. In this respect let us mention that the 
quadratic and higher Casimir elements of the g-algebra 
U'q{sOn), for g being not a root of 1, are known in expHcit 
form [13, 22] along with eigenvalues of their correspond- 
ing (representation) operators [22]. 

As it was shown in detail in [19], the deformed alge- 
bra for the case of genus g = 1 surfaces reduces to the 
desired algebra of three independent quantum observ- 
ables which coincides with ^(3), the latter being iso- 
morphic to the Fairlie — Odesskii algebra [/^(soa). The 
case of 5 = 2 is significantly more involved: here one has 
to derive, starting with the 15-generator algebra A(6), 
the necessary algebra of 6 (independent) quantum ob- 
servables. J.Nelson and T. Regge have succeeded [23] in 
constructing such an algebra. Their construction howev- 
er is highly nonunique and, what is more essential, isn't 
seen to be efficiently extendable to general situation of 

g > 3. 

Our goal in this note was to attract attention to the 
isomorphism of the deformed algebras A(n) from [20] 
and the nonstandard g-deformed algebras J7^(so„) intro- 
duced in [6]). The hope is that, taking into account a 
significant amount of the already existing results con- 
cerning diverse aspects of ?7g(so,i) (the obtained various 
classes of irreducible representations [6, 14, 24—28] and 
others, as well as knowledge of Casimir operators and 
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their eigenvalues depending on representations, etc.) we 
may expect for a further progress concerning construc- 
tion of the desired algebra o{6g—6 independent quantum 
observables for space surface of genus g > 2. 

The research described in this publication was 
made possible in part by Award No. UPl-2115 of the 
U.S. Civilian Research and Development Foundation 
(CRDF). 
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3ACTOCyBAHHi5 q-AJJTEBI> (/q(so„) KBAHTOBOI 
FPABITALIII: HPO 9-flEOOPMOBAHHH AHAJIOF 
SO(n)-CniHOBHX CITOK 

0. M. FaepuAUK 
P e 3 K) M e 

HecTaHflapTui g-flecJ^opMOBani ajireSpn [/^(son), sanponoHOBani 
flecaTb pokIb TOMy fljia noTpeS Teopii npeflCTaBjienb, Ictotho 
BiflpisHaiOTbca bI^ CTanflapTHOi fle(J)opMaiiii flpintjiejibfla i 
/],>KiM5o ajireSp f7(sOn) i maiOTb nepe^ ocTaHHiniH BajKjiHBi 
nepcBara. Mh BHBnaeMO mo^kjihbc sacTOcyBauHa q'-ajire6p 

[/g(sOri) y ^BOX piSHHX KOHTeKCTax. O^HH 3 HHX CTOCyGTbCa q- 

flecJjopMyBaHHa D-BHMipHOi (D > 3) eBKjiiflOBo'i rpaBiTaijii na 
ochobI y3arajTbHeHHa 4^opMajTi3My chIhobhx cItok, ininHH ^ae 
3acT0cyBaHHa f\o (2+l)-BHMipH0i aHTHfleciTTepiBCbKo'i KBanTOBOi 
rpaBiTanii' (3 piMaHOBOio noBepxaeio pofly g) y ni^xofli Hejibcona 
i PefljKe. 

nPHMEHEIIHE y-A„TTrEBP f/^(so„) B KBAHTOBOH 
FPABHTALIHH: O g-flEOOPMHPOBAHHOM 
AHAJIOFE SO(n)-CnHHOBbIX CETEH 

A. M. FaepuAUK 
P e 3 K) M e 

HecTaHflapTHbie g-fleiJjopMHpoBaHHbie ajire5pbi Cq(so„), 
npefljiojKeHHbie /^ecaTt .neT TOMy iia3a,T b CBa3H c nOTpe6nocTaMH 
TeopiiH npe/^CTaBjreHHH, cyiT^ecTBeHHO OTjiMMaroTca ot 
CTaHflapTHoii flecjiopMaiiHH flpHH4>ejibfla n ^jkhmSo ajireSp 
f7(sOn) H oSjia^aiOT pa^OM npeHMynjecTB. Mm H3yHaeM 
B03M05KHoe upHMeHeHHe g-ajire5p Ugison) b flByx pa3jiH'iHbix 
KOHTeKCTax. OflHH H3 HHX KacacTca g-flecJjopMHpoBaHHa D- 
MepnoH [D > 3) 3bkjih^oboh rpaBHTaiiHH na ochobc oSoSmeHHa 

4)OpMajIH3Ma CHHHOBblX CeTCH, flpyPOH — npHMCHeHHa K 
(2+l)-MepH0H aHTH^eCHTTCpOBCKOH KBaHTOBOH rpaBHTai^HH (c 

pHManoBoii noBcpxHOCTbio po^a g) b noflxo^e HejibCona h Pe^jKC. 
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